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Abstract Let £ and P be nonnegative quadratic forms in a Hilbert space H
and assume that £ + bP is densely defined and closed for every b > 0. For
every b > 0 let H, be the self-adjoint operator associated with € + bP in the
sense of Kato’s representation theorem. By Kato’s monotone convergence
theorem, the operators (H, + 1)~! converge strongly to an operator L, as
b tends to infinity. Let £ € N. We give conditions which are sufficient for
convergence of (Hy + 1)7F — L* w.r.t. the operator norm and convergence
w.r.t. to a Schatten class norm, respectively. Moreover we derive a variety
of results on the rate of convergence. We discuss in detail the case when &
is a regular Dirichlet form and P a killing term.

1 Introduction

For nonnegative potentials V' convergence of Schrédinger operators —A 4+ bV
as the coupling constant b tends to infinity has been studied for a long time,
cf. [9], [11], [12] and references given therein. Motivated by the fact that
there has been created a rich theory on point interactions decribed in detail
in the monograph [1] one has recently made an attempt to include singular,
measure-valued potentials in these investigations. In addition, it turned out
that perturbations by differential operators of the same order are important
in a variety of applications in engineering, cf. [14], [15].
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All the mentioned families (Hp)p~o of operators are of the following form.
One is given a nonnegative self-adjoint operator H in a Hilbert space H. Put

D(E) = D)
E(u,v) = (VHu,VHv) Yu,ve DE).

£ is a form in H, i.e. a semi-scalar product on a linear subspace of H. Hence
E(u,v) == E(u,v) + (u,v) Yu,ve D)

defines a scalar product on D(E). The form & is closed, i.e. (D(E),&) is
a Hilbert space. Moreover it is densely defined, i.e D(€) is dense in H. In
addition, one is given a form P in ‘H such that for every b > 0 the form
&€ + bP, defined by

D(E+bP) = D(E)N D(P),
(E+0P)(u,v) = E(u,v)+bP(u,v) Yu,ve DE+bP),
is densely defined and closed. Then, by Kato’s representation theorem, for

every b > 0 there exists a unique nonnegative self-adjoint operator H; in H
such that

D(\/Hy) = D(E+bP),
| VHu P = (E+bP)(u,u) Yue DE+bP).

Hy, is called the self-adjoint operator associated with £ + 0P. By Kato’s
monotone convergence theorem, the operators (H, + 1)~ converge strongly,
as b tends to infinity. In a wide variety of applications in turns out that it
is more easy to analyze the limit than the approximants (H, + 1)~!. For
this reason one might use the following strategy for the investigation of the
operator H, for large b: One studies the limit of the operators (H, + 1)~}
and estimates the error one makes by replacing (Hy+ 1)~! by the limit. This
leads to the question about how fast the operators (Hj + 1)~! converge. It
is also important to find out which kind of convergence takes place. For
instance convergence w.r.t. the operator norm admits much stronger con-
clusions about the spectral properties than strong convergence, cf., e.g., the
discussion of this point in [19], chapter VIIL.7.

One has achieved a variety of results within the general framework described
above. One has discovered that there exists a universal upper bound for the
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rate of convergence (Corollary 8) and has derived a criterion for convergence
with maximal rate (Theorem 7). In general only strong convergence takes
place. However, one has found a variety of conditions which are sufficient for
locally uniform convergence (Theorem 6, Theorem 7, Proposition 9) and in
certain cases even derived estimates for the rate of convergence (Theorem 7
and Proposition 9).

One has even found conditions which are sufficient for convergence within a
Schatten (von-Neumann) class of finite order, cf. the sections 2.5 and 2.6.2.
This admits strong conclusions on the spectral properties. For instance if H
and H, are nonnegative self-adjoint operators and (H + 1)~' — (Hy + 1)7!
belongs to the trace class, then, by the Birman-Kuroda theorem, the abso-
lutely continuous spectral parts of H and H, are unitarily equivalent and, in
particular, H and H, have the same absolutely continuous spectrum. Often
(H+1)"!' — (Hy+ 1)~! does not belong to the trace class, but

(H +1)7% — (Hy + 1)7% for some sufficiently large k and again the Birman-
Kuroda Theorem implies that the absolutely continuous parts of H and H,
are unitarily equivalent. This note contains also new results on the conver-
gence of powers of resolvents, cf. the section 2.8. These results are based on
a generalization of the celebrated Dynkin’s formula in section 2.7.

One has introduced the concept of the trace of a Dirichlet form in order to
study time changed Markov processes. The generator of the time changed
process plays also an important role in the investigation of large coupling
convergence for the Dirichlet operators, cf. section 3.2. If one perturbs
a Dirichlet operator by an equilibrim measure times a coupling constant b
and let b tend to infinity, then one gets, at least in the conservative case,
large coupling convergence with maximal rate, cf. Theorem 48. A simple
domination principle described in section 3.3. makes it possible to use results
on the perturbation by one measure in order to derive results on perturbations
by other measures.

In this note we concentrate on nonnegative perturbations. If one studies
large coupling convergence of magnetic Schrodinger operators, then one needs
different techniques. We refer to [17] and references given therein for results
in this area.

In addition to new results we have collected material which can be found at
the following places (we do not claim that these are the original sources in



every case):

e [3]: Lemma 39

e [4]: Lemmata 2 and 4, Theorems 6 and 7, Corollary 8, Proposition 9
a), sections 2.5 and 3.4

e [6]: Lemma 3, Lemma 15

e [7]: Section 2.6.1, the examples 1 and 51 and the formulas (117) and
(119)

8]: Section 2.7

[13] Section 2.4 up to Lemma 15 and the examples, section 3.1, and
Theorem 37, (cf. also [18]).

e [16]: (118)
e [20]: (10)
e [21]: Lemma 5

Acknowledgement: One of the authors (J.F.B.) had been invited to the
conference ’Partial Differential Equations and Spectral Theory’ in Goslar
in the year 2008 and would like to thank the organizers M Demuth, B.-
W. Schulze and I. Witt for the invitation, financial support and the excellent
organization of the conference. He also would like to thank M. Demuth,
M. Gruber and M. Hansmann for helpful and stimulating discussion.

2 Nonnegative form perturbations

2.1 Notation and general hypothesis

& denotes a densely defined closed form in the Hilbert space (H, (-,-)) and
H the self-adjoint operator associated with £. P denotes a form in H such
that £ + P is a densely defined and closed form in H. Note that we do not
require that P is closable, i.e. we do not only admit regular but also singular
form perturbations of H.



Example 1 Let J be a closed operator from the Hilbert space (D(E), &) to
an auziliary Hilbert space Hyyy. Let

D(P) = DJ),
Pu,v) = (Ju,Jv)gue Yu,v € D(J).

Then € + bP is a closed form in H for every b > 0. If D(J) is dense
in (D(E),&) and, in addition, ran(J) is dense in Hauz, then JJ* is an
invertible nonnegative self-adjoint operator in Hayz-

Proof: Let (u,) be a sequence in D(E + bP) = D(J) such that

(E + bP) (U — U, Uy, — Upn)+ || U — Uy ||
= E(Up — U, Uy — Upy) + b || Tty — Tty ||?ye— 0, n,m — 0c0. (1)

In order to prove that £+ bP is closed we have only to show that there exists
au € D(J) such that

(5 +bP)<un — U, Un — u)+ H Up — U ||2
- gl(un — U, Up — U) +0b H Jun —Ju ”?Luzw n— 00

Since & is nonnegative and b > 0 it follows from (1) that
E1(Up — Uy Uy, — Upy) —> 0, Ny M — 00.
Since & is closed this implies that there exists a u € D(E) such that
E(uy — uyup —u) — 0, n — o0. (2)
Since & is nonnegative and b > 0 it also follows from (1) that
|| Jup — Jt, ||2s— 0, n,m — 00

and hence the sequence (Ju,) in Hgyy, is convergent. Since J is a closed op-
erator from the Hilbert space (D(E), &) to the Hilbert space Hay, and (Juy,)
is convergent in Hyy,, (2) implies that w € D(J) and || Ju,, — Ju ||gue— 0.
Thus &£ + bP is closed.

Suppose now, in addition, that D(J) is dense in (D(€), &) and ran(J) is
dense in Hgy,. Since J is closed the domain D(J*) of the adjoint J* of J is
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dense in H,y and J = J**. Hence JJ* is a nonnegative self-adjoint operator
in Houe- If JJ*u = 0, then & (J*u, J*u) = (u, JJ*u)gu, = 0 and hence
u € ker(J*) = ran(J)*. ran(J)* = {0}, since ran(J) is dense in H,y,. Thus
all assertions in the example are proven. O

Actually Example 1 covers the most general nonnegative form perturbation
of H:

Lemma 2 There exist an auziliary Hilbert space Hay, and a closed operator
J from the Hilbert space (D(E),&1) to Haus such that

D(J) = D(E+P),
(Ju, JU)gue = P(u,v) Vu,ve D(J),

and ran(J) is dense in Hoye. Thus, in particular, € 4+ bP is closed for every
b> 0.

Proof : We define an equivalence relation ~ on D(E) N D(P) as follows:
f~gifand only if P(f —g,f —g) =0. For every f € D(E) N D(P) let [f]
be the equivalence class w.r.t. to this eqivalence relation and denote by H .
the completion of the quotient space (D(€) N D(P),P)/ ~. Then it easily
follows from the hypothesis that £ + P is closed that

D(J) = D(£)ND(P),
Jf = [f] YVfeD{)

defines a closed operator from (D(E), &) to Hau, with the required proper-
ties. O

In the following we choose an auxiliary Hilbert space H,,, and a closed
operator J from (D(E), &) to Haus as in the previous lemma, i.e such that

D(J) = D(&)ND(P),
(Ju, JO)gue = Plu,v) Yu,v e D(J), (3)

and put

gl =E+P. (4)



For every b > 0 we denote by H; (or simply H,, if it is clear from the context
what is meant) the self-adjoint operator in H associated to € + bP.

If not stated otherwise, we assume, in addition, that
D(J) D D(H). (5)

This hypothesis is less restrictive than it might seem at first glance. In fact, J
may also be regarded as an operator from (D(E7), /) to Haue and then J is
a bounded everywhere defined operator and, in particular, it is closed. Thus,
if necessary, we may replace £ and H by £’ and H;, respectively, and then
the hypothesis (5) is satisfied (with H; instead of H). Moreover, trivially we
have

Hyy = (Hy)y Vb>0,
lim (H,+1)"' = blim (Hy)p+1)7" (6)

b—00

Under the hypothesis (5), D(J) is dense in (D(€), &), and we put
H:= (JJ) ™ (7)
Note that H is an invertible nonnegative self-adjoint operator in Hgy,.

Let

D(EL) = {ue DE+P):Plu,u) =0},
EL (u,v) = E(u,v) Yu,v € D(Ey), (8)

where J and P are related via (3) (often we shall omit the J in the notation).
Let

H = {ue DE+P):Pu,u) =0}, (9)

i.e. let HZ be the closure of the kernel of J within the Hilbert space H. By
Kato’s monotone convergence theorem, £7 is a densely defined closed form
in the Hilbert space HZ and

(Hy+1)"" — (Hoo + 1) @ 0 strongly, as b — oo, (10)

where H,, denotes the self-adjoint operator in HZ, associated to £L. We
shall abuse notation and write (Hu + 1)~" instead of (Ho, + 1)7' @ 0.
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We put
L(H,P):= lim inf b | (Hy+1)"' = (Ho + 1)1 .

We shall also use the following abbreviations:

Dy := (H + 1)71 — (Hp + 1>717 Dy = (H+ 1) = (Ho +1)71,
G:=(H+1)" (11)

2.2 A resolvent formula

We have an explicit expression for the resolvents of the self-adjoint operators
H,,. This fact will play a key role throughout this note.

Lemma 3 Let J be a closed operator from (D(E), &) to an auziliary Hilbert
space Hauz such that
D(J) > D(H).

Let b > 0 and let Hy be the self-adjoint operator in H associated to the closed
form EY in 'H defined as follows:

D(EY) = D(J),
E (u,v) = E(u,v) +b(Ju, JV)que Yu,v € D(J).

Then, with G := (H + 1)7', the following resolvent formula holds:

(H+1) ' = (H,+1) = (JG)* (% + JJ*> JG. (12)

Proof: Replacing J by v/bJ, if necessary, we may assume that b = 1. Let
u € H. Since JJ* is a nonnegative self-adjoint operator in H,,,., the operator
1+ JJ* in Hgyye is bounded, self-adjoint and invertible and

D((14+JJ) ™) = Haue.

Since ran(1 + JJ*)™' = D(JJ*), we get that u € D(J*(1 + JJ*)"'JG) and
J*(1+ JJ*) ' JGu € D(J) = D(E7).



By Kato’s representation theorem,
EN((H, + 1) u,v) = (u,v) Yu € H,ve DE).
On the other hand,
E(Gu— J*(1+ JJ*) 1 IGu,v)
= E1(Gu,v) + (JGu, JU)quz

—((1 4+ JJ) Y IGU, J0) gue — (JT*(1 + JT*) L IGu, JGV) ue
= (u,v) Yu € H,ve DE).

Thus
(Hi+1) " 'u=Gu—J(1+JJ) " JGu Yu€eH

and it only remains to show that
Jv=(JG)'v Yve D(J). (13)
This is true since for every u € H and v € D(J*)

(J*v,u) = & (Jv, Gu) = (v, JGU) guz = ((JG) v, u).

2.3 Convergence w.r.t. the operator norm

If not otherwise stated, J is a closed operator from the Hilbert space (D (&), &)
to an auxiliary Hilbert space Hgu, and, in addition, D(J) D D(H). Let

D(P) = DJ).
Plu,v) = (Ju,JU)gue Yu,v € D(J),

and H, the self-adjoint operator in ‘H associated to & + bP.

By Lemma 1, JJ* is a nonnegative invertible self-adjoint operator in Hy;-
For every h € Hg.. we denote by puj the spectral measure of h w.r.t. the
self-adjoint operator H := (JJ*)V in Haue, i-e. the unique finite positive
Radon measure on R such that, with (E;()\))xer being the spectral family
of H,

pn((=00, Al) = Eg(Mh [ YA ER. (14)

auxr
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Since H is invertible and nonnegative,
pn((—00,0]) =0 Vh € Haya- (15)

By (12), for every b > 0
1
Dy:=(H+1)" = (H+1)" = (JG)*(E +JJ) NG (16)

and hence D, is a bounded nonnegative self-adjoint operator in H and the
spectral calculus yields that

(Duf ) = ((JG)(5 + ) IGL f)

= (5 + I TGS, TG e

_ /%dﬂh()\) V f € H, where h := JGf. (17)

1
DY

Thus Dy = limy oo Dy = (H + 1)7' — (Hy + 1)7! is also a bounded
nonnegative self-adjoint operator in ‘H and it follows from (17) in conjunction
with (15) and the monotone convergence theorem that

(Doof, f) = /)\d,uh()\) YV f € H, where h:= JGY. (18)

By (17) and (18),

T

Thus Do, — Dy = (Hy +1)7! — (Hy + 1)7! is a bounded nonnegative self-
adjoint operator in H, too.

dup(N) Y f €H, where h:= JGf.  (19)

Lemma 4 o) We have
ran(JG) € D(HY?) and Do = (HY?JG)*HV?JG. (20)

In particular, Dy is compact if and only if H'2JG is compact.

b) If ran(JG) C D(H), then
Dy = (JG)*HJG. (21)
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Proof a) Let f € H and h := JGf. By (18),

(Duof. f) = / My (N) < oo,

and hence, by the spectral calculus, it follows that h = JG f € D(H'?) and
| HY2JGf ||?2..= (Doof, f). Since D, is a bounded nonnegative self-adjoint

auxr

operator, we have

| Do [|= sup (Deo f, f)-
=1

Thus
| H'2JG ||*=| Do || - (22)
Since JGf € D(H'Y?) for every f € H, the spectral calculus yields

1 . .
[5 + HY7Y2]G — HY?JG strongly, as b — oo,

and hence
1 . 1 . . y
([7 + H‘l]‘l/QJG)*[E + H Y206 — (HY?JG) HY?JG (23)
weakly, as b tends to infinity. The operators on the left hand side equal

(JG)*(% +JIVIG=(H+1)" = (Hy,+ 1) =D,

and converge even strongly to D, as b — oo. Thus (20) is proven.
b) (21) follows from (20) and the fact that (JG)*HY? c (H'/?JG)*. O

By the preceeding lemma, H'/2JG is a bounded everywhere defined operator
from H to Haux. That does not guarantee that the resolvents (H + b)~!
converge locally uniformly, cf. the examples 17 and 18. By Theorem 6 below,
the stronger requirement that H'/2JG is compact implies convergence of the
operators (H, + 1)~! w.r.t. the operator norm. We shall use the following
result for the proof of Theorem 6.

Lemma 5 Let (A,) be a sequence of nonnegative bounded self-adjoint oper-
ators converging strongly to the compact self-adjoint operator
C :'H — H. Suppose that A,, is dominated by C', i.e.

(Anf, /) <(CF ) VeH,

for every n € N. Then the operators A, converge locally uniformly to C.
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Proof: The operator C' — A,, is nonnegative, bounded and self-adjoint and
hence

I C = Ay [|= sup ((C' = An)f, f)
Ifl=1

for every n.

Let € > 0. Since C' is a nonnegative compact self-adjoint operator and the
A,, converge to C strongly, we can choose an orthonormal family (ej)j-vzl and
an ng such that

(Ch,h) < +

£
<3 | h|> Vhespan(ey,...,en)

and
€
| (A, = C)g |I< 5 gl Vg e€span(es,...,en)Vn > ng,

respectively. Let f € H and || f ||= 1. Choose g € span(ey,...,ey) and
h € span(ey, . ..,ey)T such that f = g+ h. For all n > ng

(C=A)f ) = (€= An)g,9) +2Re(((C = An)g, h)) + (C' = An)h, )
< @ =A)g Ul gl +2 [l al]) +(Ch,h) <e.

O

Theorem 6 Suppose that D(H) C D(J) and the operator H'?JG from H
to Hauz s compact. Then

| (Hy+1)" = (Ho + 1) 7" [|[— 0, b — o0.

Proof: We only need to show that Do, — Dy = (Hy +1)7! — (Hy + 1)7!
converge to zero w.r.t. the operator norm, as b tends to infinity. By (16),
Dy, is a nonnegative bounded self-adjoint operator in ‘H for every b > 0. By
(15) in conjunction with (19), D — Dy is a nonnegative bounded self-adjoint
operator in ‘H, too. By definition, D,, — D, converge to zero strongly, as b
tends to infinity. By (20), along with H'/2JG also D is a compact operator.

The remaining part of the proof follows now from the preceeding lemma:
The operators Dj, are nonnegative self-adjoint operators and, by (15) in con-
junction with (19), are dominated by the compact self-adjoint operator D,

12



and they converge to D, strongly, as b tends to infinity. Hence
limb_,oo H Doo - Db H: 0. O

Of course, one is not only interested in the question about whether norm
convergence takes place but one also wants to derive estimates for the rate of
converge. We shall show that convergence faster than O(1/b) is not possible
for the operators (Hy + 1), cf. Corollary 8 below. Under the additional
assumption that the domain D(H) of H is contained in the domain D(J) of
J we can even give a criterion for convergence with the maximal rate O(1/b):

Theorem 7 Suppose that
D(H) c D(J)

and Ju # 0 for at least one w € D(J). Then the following holds:
a) The mapping b— b || (Hy +1)™' — (Hy + 1)71 || s nondecreasing and
L(H,P) := lim inf b | (Hy+ 1) — (Hoo +1)71 |
= libm_s)llopb | (Hy+1)"' = (Hye +1)71 ]| >0

b) L(H, P) < 0o <= J(D(H)) C D(H).

c)If J(D(H)) C D(H), then
L(H,P) =|| HIG ||*< oc. (24)

Proof: Let f € H, h = JGf, and p, the spectral measure of h w.r.t. H. By
(19),

(D= DS 1) = [ 25
o b 9 - b+)\ /,Lh .

This implies in conjunction with (15) and the monotone convergence the-
orem (from measure theory), that the mapping b — b((Dy — Dy)f, f) is
nondecreasing and

lim b(Doc — D)ff) = [ Non(aN),

b—00

Since iy, is the spectral measure of h w.r.t. the self-adjoint operator H, it
follows that

Jlim b((Doo — Do), f) =|| HIGS |3y, i JGf € D(H), (25)

auzx’
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lim b((Ds — Dy)f, f) = oo, if JGf ¢ D(H). (26)

b—0

By (26),
lli)minfb | Do — Dy ||= o0, (27)

if there exists an f € H such that JGf & D(H).

Suppose now that ran(JG) C D(H) = ran(JJ*). JG is closed, since J is
closed and G is bounded and closed. Since D(JG) = H, it follows from the
closed graph theorem that JG is bounded. Since H is closed, this implies
that HJG is closed. Since D(HJG) = H, it follows from the closed graph
theorem that HJG is bounded. Moreover, by (25),

fimint b || Do, — Dy |2 HIGF |2,
if || f ||=1, and hence

liminfb || Do = Dy |12 HIG|?. (28)
By (19) in conjunction with (15), Do, — D, is a nonnegative self-adjoint

operator in ‘H. Thus

| D =Dy ll= sup (D = Di)f. ) (20)

(19) in conjunction with (15) also implies that for every normalized f € H
and h = JGf

M(Dso = DOFF) < [ Xom(a) <] HIG P
In conjunction with (29), this implies that

bl Do = Dy ||| HIG | Wb > 0. (30)

By (27), (28), (30), part b) and c) of the theorem are proven. In addition,
we have shown that the mapping

b—b || Db_Doo ||:b || (Hb‘l’l)_l _(Hoo+1)_1 ”
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is nondecreasing and hence

L(H,P) := lim inf b | (Hy+1)"" = (Hoo +1)71 |
= limsupb || (Hp+ 1) — (Ho + 1) || . (31)
b—s 00

It remains to prove that L(H, P) > 0. We give a proof by contradiction. If
L(H, P) would be equal to zero, then, by c¢), we would have JG = 0. Thus
the kernel of J would contain ran(G) = D(H) and hence it would be dense
in (D(€),&;). Since the kernel of a closed operator is closed it would follow
that J = 0, which contradicts the fact that the range of J is dense in H -
Thus L(H, P) > 0. O

Part a) of the preceeding theorem in conjunction with formula (6) yields the
following corollary where we do not require that D(J) D D(H).

Corollary 8 Let P be a form in H such that € + P is a densely defined
closed form in H. Let P(u,u) # 0 for at least one u € D(E + P). For every
b > 0 let Hy be the self-adjoint operator in H associated to € + bP. Then

L(H,P) := l})minfb | (Hy+ 1) = (Hoo +1)71 |
= limsupb || (Hy+ 1) — (Hy + 1)1 || > 0.
b— 00

Trivially we get large coupling convergence with maximal rate, i.e as fast as
O(1/b), if the auxiliary Hilbert space Hgy, is finite-dimensional. We shall
also give a variety of nontrivial examples. On the other hand there are other
examples where || (H, + 1)™' — (Hs + 1)7! || converge to zero as ¢/b" for
some strictly positive finite constant ¢ and some r € (0,1). Let 0 < r < 1.
It is an open problem to find a criterion in order that convergence with rate
O(1/b") takes place. In part a) of the following proposition we give a sufficient
condition and in part b) we show that this condition is ’almost necessary’.

Proposition 9 Let 0 <r <1 and so = =+ =. Suppose that D(H) C D(J).

(NN
N =3

a) If J(D(H)) C D(H*), then
§ 1
| (Hy+ 1) = (Hoo + 1)< (1 =) || V225G )P o Vb > 0.
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b) Let u € H. If
| (Hy+ 1) u— (Hoo + 1) 10 ||< bi vb > 0.

for some finite constant c, then JGu € D(H?) for every s < sq.

Proof: a) By (15) in conjunction with (19), (Hy +1)™' — (Hye + 1)1 is a
nonnegative bounded self-adjoint operator in ‘H and hence

I (Hy+1)7" = (Hoo +1)7" = Supl((Doo = Do) f, f)-

By (19), this implies that

/\2
H+1)'t'—(H o+ 1) = / d\
I+ 1)7" = (Ho 4 )7 1= stp [ 5=yn(dd)

where f and h are related via h = JG f and p, denotes the spectral measure
of h w.r.t. H.

)\2 )\l—r
d)\) < NV 2 (d ).
[ 5@ < e S [N

By elementary calculus,

)\1—7‘ B (1 _ 7,)1—7“ rr
JA+D br '

max
A€(0,00

By the spectral calculus,
/|)‘1/2+T/2|2Mh(d)‘) =\ A1 | fux -
If h=JGf and || f ||=1, then

” I:I1/2+r/2h HaumSH ﬁ1/2+r/2jG H?

and part a) of the Proposition is proven.

b) Conversely let f € H and assume that

| (Hy+ 1) = (Ho + 1) ||< bﬁ Vb >0
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for some finite constant c. Let h = JG f. Without loss of generality we may
assume that || f ||=1. Let 1/2 < s < s1 < 8¢9 :=7/2+ 1/2. Then

>V || Daof = Dof || > b (Doof — Dyof, f)

)\2
= ¥ [ gl

br 2—2s1

In the second step we have used (19). Since 25y — 1 = r, we have

r r

= - 1
t 281 —1 - 280 —1
For all b > 1 und X € [b, b] we have
br )\2—231 1
> )\1_25le
A+b T2
1 1
> bt 1—251b7“ ———
- 2 () 2

By (32), this implies
1
/ N Zdp,(N) < e Vb > 1.
pe 2

Thus
. 1
2s < R
\/[2,00) A “h(d/\) - ;/[Qtn’2tn+l)A (21‘")251725 ,Uh(d)\)

1 n
< QCZ(ZQSl_QS)t < 00

n=0

and hence h = JGf € D(H?®). Thus the assertion b) of Proposition 9 is
proven, too. O

2.4 Schrodinger operators

In this section we illustrate above general definitions and results with the aid
of Schrodinger operators with regular and singular potentials.
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We denote by D the classical Dirichlet form, i.e. the form in
L*(R?) := L*(R? dx) defined as follows:

D(D) = H'Y(RY),
D(u,v) := /Vu -Vudr Vu,v e H'(RY). (33)
Here dz denotes the Lebesgue measure and H'(R?) the Sobolev space of

order 1. D is a densely defined closed form in L?*(R?). We shall denote by
—A the self-adjoint operator in L?(R?) associated to D.

The capacity of a compact subset of R and an arbitrary subset B of RY is
defined as follows:

cap(K) := inf{D(u,u):u € C(RY), u>1on K},
cap(B) := sup{cap(K): K C B, K is compact}, (34)

respectively. A function v : R? — C is quasi continuous if and only if for
every € > () there exists an open set GG such that

cap(G.) < e (35)

and the restriction u [ R\ G of u to R?\ G, is continuous. We shall use
the following elementary results:

Lemma 10 a) Fvery u € H'(R?) has a quasi continuous representative.

b) If @ and u° are quasi continuous and t = u® dx-a.e., then 4 = u° q.e.
(quasi everywhere), i.e.

cap({z € R : a(z) # u°(x)}) = 0. (36)

c) If (uy) is a sequence in H*(R?), uw € H'(R?) and Dy (u, —u, up, —u) — 0,
as n — 00, then there erists a subsequence (un,) of (u,) such that

U, — @ g.e., i.e cap({z € R?: @y, (z) /— a(z)}) =0. (37)

Here t,; and u denote any quasi continuous representative of u,; and u,
respectively.
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In the following we shall denote by u both an element of H'(R?) and any quasi
continuous representative of u. It will not matter which quasi continuous
representative is chosen and it will always be clear from the context what is
meant.

Remark 11 In the one-dimensional case cap({a}) = 2 for every a € R and
hence a function is quasi continuous if and only if it is continuous. Thus, in
the one-dimensional case it makes sense to write "u(a)’, if v € H'(R) and
a € R. Here u(a) is just the value of the unique continuous representative of
u at the point a.

Definition 12 Let i be a positive Radon measure on R? charging no set
with capacity zero.

a) We define the form P, in L*(R?) as follows:
D(P,) = {ue H'RY: /]u|2du < oo},

Pulu,v) = /uvd,u Yu,v € D(P,). (38)

b) We define the operator J* from H'(R?) to L?(R?, 1) as follows:

D) = {ue H\(RY): /|u|2du < oo},
JPu = u p-ae. Yu € D(JH). (39)

Lemma 13 Let p be a positive Radon measure on R? charging no set with
capacity zero. Then the operator J" is closed and D 4 bP,, is a nonnegative
densely defined closed form in L*(RY) for every b > 0.

Proof: Let (u,) be a sequence in D(J*), v € HY(R?) and v € L*(RY, )
satisfying D (u,, —u, u, —u) — 0, as n — oo, and J*u,, — v, as n — oc.
By Lemma 10, c), a suitably chosen subsequence of (u,,) converges to u q.e.
and hence p-a.e. Thus u = v p-a.e. and hence u € D(J*) and J*u,, — u,
as n — o0o. Thus the operator J* is closed, and, by Lemma 1, it follows
that D + bP,, is closed, too. a
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Definition 14 Let x be a positive Radon measure on R charging no set with
capacity zero. We denote by —A + u the nonnegative self-adjoint operator
in L*(RY) associated to D + P, and put

(=A+oop+1)"t = lim (A +bu+1)""

b—00

In the absolutely continuous case, i.e. if du = Vdz for some function V', we
also write V' instead of Vdux.

In a wide variety of applications one is interested in the question about
whether the operator J* is compact. There exists a rich literature on this
topic. Here we shall only need the following result.

Lemma 15 Suppose that D(J*) = H'(RY) and
p{y €R: |z —y[ <1}) — 0, o] — oo (40)

Then the operator J* from HY(R?) to L*(R?, 1) is compact.

Example 16 Let (x,)cz and (a,)ez be families of real numbers satisfying

d = in%(xnﬂ —x,)>0anda, >0 VneZ. (41)
ne

Let T := {x, : n € Z} and —AY, the Laplacian in L*(R) with Dirichlet
boundary conditions at every point of T', i.e let —AL, be the nonnegative self-
adjoint operator in L*(R) associated to the form Dy in L*(R) defined as
follows:

D(Dy) = {ue€e H'(R): u=0 onT},
Dy(u,v) = D(u,v) YVu,ve€ D(Dy). (42)

Then the operators —A+bY ", anb,, converge in the strong resolvent sense
to —AL. Here §, denotes the Dirac measure with mass at x.

Proof: —A+0b)" _, a,0,, is the self-adjoint operator associated to D +bP,
with p = )" ., 65, and we may replace in formula (8) £ and P by D and
P, respectively. Then the assertion on strong resolvent convergence follows
from Kato’s monotone convergence theorem, cf. (10). O
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Different choices of the weights a, in the last example lead to extremely
different convergence results. If the a, tend to zero, as n — +oo, then the
operators —A+b)" 4, do not converge in the norm resolvent sense, cf.
the next example. On the other hand, if inf,,cz a,, > 0, then these operators
converge in the norm resolvent with maximal rate of convergence, i.e. as fast
as O(1/b), cf. Example 40 below.

Example 17 (Continuation of Example 16)
We choose (2n)nez, (an)necz, d, T, =AY, and p as in the previous example.
Assume, in addition, that

lim a, =0 and D :=sup(T, 1 — x,) < 00. (43)

[n|—00 nez

Then the operators —A+b>
sense

nez An0z, do not converge in the norm resolvent

Proof The hypothesis (43) implies that P, is an infinitesimal small form
perturbation of D (cf. [5]) and hence, in particular, D(J*) = H'(R). In
conjunction with Lemma 15 and the hypothesis (41) and (43) this implies
that the operator J* is compact. In Lemma 3 we may replace H, H,, G and
J by —=A, =A+0bY", 7 an0,,, (—A+1)"" and J*, respectively. Then the
resolvent formula (12) yields that (—A+1)"' — (=A+b>" ,and,, +1)7*
is compact, too. By Weyl’s essential spectrum theorem, this implies that

Tess((—A + bz pdy, +1)71) = 0o (A +1)7H) = [0,1]. (44)
nez
Moreover )
Al > T
—AL > 5
and hence

AL+ D)) < 1 45
sup(o((=Ap+1)7))) < [ET=yye (45)

If the operators —A + bznez a,d,, would converge in the norm resolvent
sense to the Dirichlet Laplacian —AL, then, by (44), we would have
o(—AL +1)71) D [0,1], which contradicts (45). Thus the operators
—A+ bznez a,d,, do not converge in the norm resolvent sense. O
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In Example 17 the operators (—A + by + 1)~ do not converge locally uni-
formly. In this example p is a so called d-potential and, in particular, sin-
gular. In the regular case we can also have absence of convergence w.r.t.
the operator norm, as it is shown by the next example. That the operators
(—=A+0bV +1)"! in the next example do not converge locally uniformly can
be shown by mimicking the proof in Example 17.

Example 18 Let (ap)nez and (by)nez be families of real numbers with the
following properties:

ap, < b, < apny1 Vné€Z, D:=sup(an —b,) < oo,

neL
d:= ing(anﬂ —b,) >0, | |lim (b, —an) = 0. (46)
ne n|—o0

LetV := 3" 7 lianbn- Then the operators (—A+bV +1)"1 converge strongly,
as b tends to infinity, but do not converge locally uniformly.

2.5 Convergence within a Schatten class

Let p € [1,00). Let H; be Hilbert spaces with scalar products (-,-);, i =
0,1,2,... Let C' be a compact operator from H; to H,. Then H, has an
orthonormal basis {e;};c; such that, with |C| := VCC*,

|C|67, = )\7;61' Viel
for some suitably chosen family ()\;);e; in [0,00) which is unique up to per-
mutations. One puts
1C lls,i= QAN
iel
Sp(Hi,Hs) (short S,) denotes the set of compact operators from H; to Ha

such that || C' ||s,< oo and is called the Schatten-von-Neumann class of order
p. Sp is a linear space and || - ||, a norm on it. If C': H; — Hy belongs to

the class S,(H1,Hz) and A : Hy — H; and B : Hy — H3 are linear and
bounded, then CA € S,(Ho, H2) and BC € S,(H;, Hs) and

I CA s, <[ Clis, I ATl I BC s, <[ C lls, | Bl (47)
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Moreover
I Clls,=ll C* lls,=[l [C] [Is, (48)

for every compact operator C'.

Let B : Hy — 'Hs be linear and bounded, ¢); an orthogonal projection in
‘H; and )2 an orthogonal projection in Hs such that the dimension N of the
range of @y is finite. Then |Q2BQ:|*> = Q2BQ1B*Q, and hence |Q2BQ| is

compact and

1Q2BQ| |5, =l [Q2BQ1 [ ran(Qs) [|s, - (49)

Since |Q2BQ| | ran(Q)y) belongs to the finite dimensional space of all linear
mappings from ran(Q)s) into itself and all norms on a finite dimensional space
are equivalent, there exists a finite constant ¢, depending only on p and N
such that

1Q2BQ1| [ ran(Q2) ||s,< ¢ [| |Q2BQ:| [ ran(@2) [[< e || B . (50)
By (48) - (50),
| QBQ1 [|s,<c || Bl (51)

for some finite constant ¢, depending only on p and N < oo, provided the
range of (), or the range of ()5 is N-dimensional.

If A is a nonnegative bounded self-adjoint operator and dominated by the
compact self-adjoint operator B, then A and B — A are also compact and it
follows easily from the min-max-principle for compact operators, that

I Alls,<ll Blls, and [| B=Alls, <[ B s, - (52)

In the proof of Theorem 6 we have used that strong convergence of non-
negative self-adjoint operators dominated by a compact self-adjoint operator
implies operator norm convergence. Similarly, strong convergence of nonneg-
ative self-adjoint operators dominated by a self-adjoint operator in S, implies
convergence in S:
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Lemma 19 Let {A,}.en be a sequence of nonnegative bounded self-adjoint
operators in the Hilbert space H dominated by the nonnegative bounded self-
adjoint operator A. Let 1 <p < oo. If A € S, and lim, . || Au—A,u||=0
for every u € 'H, then

lim || A— A, |ls,=0. (53)

Proof: By Lemma 5, lim,, . || 4, — A ||=0.
A admits the representation
A= Z)\Z (6,‘, ) €;
el
for some orthonormal system (e;);c; and some family (););c; of nonnegative
real numbers satisfying
D N=IAL, .

iel
Let ¢ > 0. We choose a finite subset I of I such that
R
1€l\Ip

and denote by @) the orthogonal projection onto the orthogonal complement
of the finite dimensional space spanned by {e; : i € Iy}.

QAQ = Z Ai (61‘, ) €;
iel\Ip

and, in particular,

| QAQ |5 = > M <en

iGI\Io
Since Q(A — A,)Q is dominated by QAQ), it follows that
QA - 4,)Q [|s,<e VneN. (54)

Since the the range of the orthogonal projection 1 — () is finite dimensional
and lim,, . || A — A, ||= 0, it follows from (51), that

Hm | (1-Q)A—-A)Q |ls, = im 11— Q)A-A)1-0Q) s,
= lim || Q(A~A4,)(1-0Q)ls,=0.
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Since A — An = Q(A - An)Q + (1 - Q)(A - An)Q + Q(A - An)(l - Q) +
(1-Q)(A—A,)(1—Q), this implies in conjunction with (54), that

limsup || A— A, ||s,< €,

n—=a:oQ0

and the lemma is proven. O

Corollary 20 Let 1 < p < oo. Let D(J) D D(H) and suppose that the
operator (H+1)"' — (Hy +1)~! belongs to the Schatten-von-Neumann ideal
of order p. Then Dy, € S,(H,H) and

I Doo = Dy [ls, <|| Doc lls, and || Dy |[5,<[| Dec |5, (55)
for every b € (0,00). Moreover

lim || Doc = Dy 5, = 0. (56)

Proof: lim,_. || Dot — Dyu ||= 0 for all u € H. Hence (56) follows from
Lemma 19.

By (15) in conjunction with (19), D, is a nonnegative bounded self-adjoint
operator dominated by the self-adjoint operator D.,. Hence (55) follows from
(52). O

The following corollary gives a sufficient condition in order that the operator
Do = (H+1)"' = (Hy +1)7! belongs to a Schatten-von-Neumann ideal of
finite order and gives an upper bound for the corresponding Neumann-von-
Schatten norm.

Corollary 21 Let D(J) D D(H) and L(H, P) < 0.
a) Let 1 < p <oo. If JG € Sy(H, Hauz), then Dy € S,(H, H) and

| Doo |ls,< v/ L(H, P) || JG [|s, . (57)

b) Let v € (3/2,00). If JJ* is bounded and JG" belongs to the Hilbert-
Schmidt class So(H, Hauz), then

_1
I Doo lls, o< V/LUH, P) (|| JJ* 72 JG* |I5,) 7 . (58)
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Proof: By Theorem 7 and since L(H, P) < oo, we have that
ran(JG) C D(H), | HJG ||= v/L(H, P) and lim,__., || D — D} ||= 0. By
Lemma 4 b), this implies that

Dy = (JG)*HJG,

hence (57) follows from (47) in conjunction with (48).
Suppose, in addition, that JJ* is bounded. For all h € H,,, and f € D(E)

(f,(JG)h) = (JGf,h)aua = EL(G S, J*h) = (f, J*h).
Thus J*h = (JG)*h for all h € Hay,. Thus JJ* = JGY2(JG'?)* and hence
|7 =l TG P

In conjunction with the hypothesis JG* € S, this implies, by [6, Lemma 2],
that
I TG s 2 <l T T 1272 ] TG |13,

hence (58) follows now from (57). O

2.6 Compact perturbations
2.6.1 Expansions

We get stronger assertions provided the operator J is compact. Let us assume
that J is a compact operator from (D(E),&;) into Hays, the domain of J
equals D(€) and the range of J is dense in H -

Since J : D(E) — Hauz is compact and G*/? is a unitary mapping from the
Hilbert space H onto the Hilbert space (D(€), &), the operator

JGY? . H — H,y, is also compact and there exist a family (Ag)res in (0, 00),
an orthonormal system (eg)res in H and an orthonormal system (gg)kes in
Haue with the following properties:

(i) I has only finitely many elements or I/ = N and

M — 0, k— o0.
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JGl/Qf = Z )\k(ek, f)gk VfieH. <59>
kel
It follows that
(JGY*)'h =" Nelgrs Bauatr V1 € Haua, (60)
kel

and, in particular,

(JGY*) g, = Mer,. VE €T (61)
By (59) and (60),
JGY2(JGY2)h =Y "N (gk Wauwsgt Y h € Houa (62)
kel
In particular,
JGY2(JGY?) g = Nlgr Vk €N. (63)

ker((JGY/2)*) = (ran(JG'/?))* = {0}, since ran(J) is dense in Hyy,. Thus
the compact operator JG'2(JGY2)* in Hgay, is invertible. Therefore (62)
implies that (A\?)re; is the family of eigenvalues of JGY/2(JGY2)* counted
repeatedly according to their multiplicity, for every k € I the vector g, is an
eigenvector of JGY/2(JGY?)* corresponding to the eigenvalue A2 and (g )res
is an orthonormal basis of Hy,,. (62) implies now that

2ayy -ty =SS
{1/b+ JGV2(JGY?)*} Th = ; e 1/b<gk,h)aux9k Vh € Hoe (64)
By (12), (59), (60) and (64)
_ _ 1 )\2
Dyf = ((H+1) "' =(H,+1)")f =G /2;m<ek7Gl/2f)ek VieHR

Since G'/2 is self-adjoint and bounded it follows that

)\2
D _ k 1/2 1/2
bf Zke] )\i n 1/b(G €k>f)G €k
)\2
k£ (G 2y, GF)G M2, Y fEMH. (65)

B ERT
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(G'2e})ker is an orthonormal system in (D(€),&;) since (ex)rer is an or-
thonormal system in H and the operator G'/2 from H into (D(£),&)) is
unitary. Thus the series Y, ; & (G 2ey, Gf)G'?e; converges in (D(E), &)
(and therefore also in H),

D &GV ey, Gf)]? < E1(G,Gf) < o0

kel

and

E\(X e E1(GY2ey, GF)G Ve, — Dy f, Y e E1(GV2er, GF)GY2e, — Dy f)

1 2
= Yier|[Tpz| 181G e GNP — 0, b— o0, (66)
k

for every f € H. Since convergence in (D(€), &) implies convergence in H
and the operators D, strongly converge in ‘H to D, (66) implies that

Doof = &(G ek, GG ey = ) (GM?er, /)G er V[ eH. (67)

kel kel

Thus we have proved the following theorem.

Theorem 22 Suppose that D(J) = D(E) and J is compact. Then, with
(Ae)rer and (ex)rer as in the representation (59) of JGY/2,

(H+1D)™' = (Hy+ 1) f = Zm(Gl/Ze f)GY?e Y f € H,(68)

kel

(H+1)' = (Ho+ 1)) =) (G, f)GPer VfEMH,  (69)

kel

| (Hy+1)7" = (Hoo + 1) [|= sup Y [(G e, )2 (70)

Ifl=1 5 1+W

In the sections 2.3 and 2.5 the operator H = (.J.J*)~! has played an important
role, but did neither occur in the discussion of Schrédinger operators nor in
this section. Actually H is useful in these contexts, too. To begin with let
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us mention that we can express the singular values \; with the aid of H. By
(13), JJ* = J(JG)* = JG'*(JG'/?)*. Thus the orthonormal basis (gx)res
of H,u.. 1s contained in the domain of H and

- 1

k

In addition, we have, by (61), that
(JG)'gr = GM*(JG?) g, = MG ey, V€ (72)

In many applications one can use this formula in order to describe the vectors
er with the aid of the eigenvectors g, of H. We demonstrate this in a simple
case.

Let & = D be the classical Dirichlet form in L?(R) and p a positive Radon
measure on R such that supp(u) = [0,1]. G := (—=A+1)"!: L?*(R) — L*(R)

is an integral operator with kernel g(x — y), where g(z) := 5 exp(—|z|) for

all z € R. Since the function [ g(- — y)f(y)dy is continuous for every

f € L*(R), the mapping J*G : L*(R) — L*(R, p) is also an integral op-
erator with the same kernel g(z — y). Thus (J'G)* : L*(R,u) — L*(R)
is an integral operator with kernel g(y —z) = g(z — y). Since the function
[ 9(- = y)h(y)p(dy) is continuous for every h € L*(R, i), we finally get that
also JH(JFG)* = JrJ#* o L*(R, u) — L*(R, u1) is an integral operator with
kernel g(z — y).

By Lemma 15, J* : HY(R) — L?*(R, p) is compact. Thus we can choose
an orthonormal system (eg)zeny in L?*(R), an orthonormal basis (gx)ren of
L3(R, 1) and a sequence (A )ren of strictly positive real numbers such that

TGV =3 " Neler, ) gk
k=1
Of course, the \x, e; and gp depend on pu, but we suppress this dependence

1n our notation.

Let k € N. The function uy, := [ g(- — y)gx(y)p(dy) is continuous and square
integrable, and, since supp(u) = [0, 1], satisfies the differential equation
—y"+y=0onR\[0,1]. Thus

wie)={ e, 15)

up(1)e!™*, x> 1.
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Since uy, is the continuous representative of \,G'?e;, = (JFG)*gr and
JHJPG) g = Aigp, it follows for the continuous representative G'/2e; of
G'/2¢,, that

gx(0)e”, <0,
GYep(z) = M { gr(x), O<zx<l, . (73)
g(Del™ = >1

By (70) and (73), we can express the distances between the operators
(=A 4+ b+ 1)7" and their limit with the aid of the self-adjoint operator
—AF = (JrJ#) "l in L3R, u). Let b € (0,00). Then

_ _ — ax(f)
| (—A+bu+1)""—(=A+oou+1)"||= sup » —= (74)
If11=1 ,; Ly +0

where —Atg, = Ejg; for every k € N, (gx )ken 1s an orthonormal basis of
L*(R, p) and

awlf) = 1| a0 f@yrt / gu(0) f(x)da
+/loogk(1)ele(x)dx|2. (75)

2.6.2 Schatten classes

We can use Theorem 22 in order to derive estimates for the rate of conver-
gence w.r.t. Sp,-norms.

Lemma 23 Suppose that D(J) = D(E) and J is compact. Let 1 < p < oo.
Then with Ay and ey, as in the representation (59) of JGY? the following
holds.

a) The operator Dy, = (H +1)7' — (Ho + 1)7! belongs to the Schatten class
of order p if and only if

p—1
D I DE Gy |IP< 0. (76)

kel
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If this is the case, then

| Do 5= > Il DF Ges |2 . (77)
kel

b) Let 0 < b < co. The operator Do, — Dy = (Hy+ 1)1 — (Hyo + 1)1 belongs
to the Schatten class of order p if and only if

1 p—1
Z 1+ b2 | (Doo — D) = G2ey, ||*< 0. (78)
kel k

If this is the case, then
1 p—1
| Doo =Dy 5= 3" 1 1| (Do = D) GV P (79)
kel k

Proof: a) Let (f;);jer be an orthonormal basis for H. Since D, is a non-
negative self-adjoint operator, we get

| D 2, = tr(D) =S (DL, £;) = S (DuDE £, D2 f;)

jEr jer
p=1 p=1
= > 1(GPe, D [P =) || Dod GPPer [P (80)
jer kel kel
b) The proof of b) is quite similar, so we omit it. O

Theorem 24 Let p € {1,2}. Suppose that JG'/? is compact. Then the
following two assertions are equivalent:

&) | (Hy+1) = (Hag + 1) [l5,— 0, a5 b — o0,

b) (H+1)"' — (Hoo +1)7" belongs to Sy(H, H).

Proof: It is always true that || (H, +1) — (He +1)7" ||5,— 0, as b — o0
if Do = (H+1)™' — (Ho + 1)7* belongs to S,(H,H), cf. Corollary 20.

Conversely let first p = 2 and assume that

Jim [ (Hy +1) = (Hoo +1)7" [|5,= 0. (81)
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Then, by Lemma 23,

1

I Do = Dulfs, = 2 g I (Do = D)6 e P
kel k
1
= 2 Tz (Do = Dy)G' ey, G Pey)
kel k
1 1 .
= /2 1/2 2
- Z 22 5[(G7%e;, G %) |”. (82)
— 140X P 1+ b>\j
Similarly we get
>l DRG e 2= Y (G ey, G e (53)
kel jkel

By (81) in conjunction with (82), we get for sufficiently large b that

1 1
L4 0A7 140X

L > [ D= Dy 3= (G2, G 2ey) ?

7.kel
1
> o 2 @6 e)p (84)
)\j,)\k<1
and hence
1
D IDEG e P = > |(GVe;, GV Pep)?
kel J.kel
< (14D + )Y UG es, Gy
Ag>1 jel
+ Z Z [(GY2e;,GM2ep))?
A<l A;>1
< (L4042 || Gep |IP< o (85)
Ap>1

Thus, by Lemma 23, a), the proof is finished in the case p = 2. The case
p =1 can be treated in a similar way. a

As in the previous subsection we can express the distances between the op-
erators (—A + by + 1)~ and their limit with the aid of the operator —AHX.
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Lemma 25 Let p be a positive Radon measure on R and suppose that
supp(p) = [0,1]. Let (gx) be an orthonormal basis of L*(R, pt) such that, with
— AP = (JHJ#)L the following holds:

Then
A+ bp+1)7 = (=A D7 s, = T,
Il ( +bu+1) ( +oop+1)7" || ;Ek+b vb>0, (86)
where
1 2 1 2 ! 2
B = 3lonOF + 3lae (P + [ lgu(a)Pde Yk eN. (&1)
0

Proof: Since Ej, = 1/\} for every k € N, the lemma follows from (79) in
conjunction with (73). O

2.7 Dynkin’s formula

We can use (69) in order to derive an abstract version of the celebrated
Dynkin’s formula.

To begin with let us assume that D(J) = D(E) and J is compact. Choose
an orthonormal system (ex)re; in H, an orthonormal basis (gx)rer in Haue
and a family (Ag)ges of nonnegative real numbers as in (59), i.e. such that
JGV2f =57, 1 Milex, f)gr for every f € H. Then JGY2f = 0 if and only if
(ex, f) =0 for every k € I.

G'/? is a unitary operator from H to (D(£),&1). Thus (G'%e)pes is an
orthonormal system in the Hilbert space (D(E),&). Moreover (e, f) = 0
for every k € I if and only if & (G"?e;, GV2f) = 0 for every k € I. Thus
(GY2e})rer is an orthonormal basis of ker(J)Y; here I means orthogonal
w.r.t. the scalar product £ on D(€) and “orthonormal” means “orthonormal
w.r.t. &”. Thus the first equality in (67) yields that

Dof = P,Gf YfeEH, (88)
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where P; denotes the orthogonal projection in (D(€), &) onto ker(J)*.

(88) holds true under much weaker assumptions about the operator J. It
is easy to understand this fact. Let J; and J; be densely defined closed
operators from (D(E), &) 10 Haye- For i = 1,2 denote by H;* the self-adjoint
operator in H associated to £/ and put

D)= (H+1)"' - Jlim (H + 1)
—00
By Kato’s monotone convergence theorem,
Jlim (H +1)7! = lim (H? + 1)

provided ker(J;) = ker(.J2), cf. (10). Trivially we also have P;, = P, in this
case and (88) holds true for J; if and only if it holds true for Jy. Thus in
order to prove (88) for a given operator J; we only have to give a compact
operator Jy such that ker(.J;) = ker(J;) and ran(.Js) is dense in H,,,. Hence
the next theorem follows from Lemma 28 below.

Theorem 26 Suppose that D(J) is dense in the Hilbert space (D(E),&r)
and the auxiliary Hilbert space Hayu, is separable. Let P; be the orthogonal
projection in the Hilbert space (D(E), &) onto the kernel ker J of J. Then

(H+1) "' = (Ho+1)"' = PsG. (89)

Remark 27 Since we choose Hgyy, such that ran(J) is dense in Hyye, the
hypothesis that H,.. is separable is, in particular, satisfied in the case when

D(J) = D(€) and J is compact.

Lemma 28 Let J be a densely defined closed operator from the Hilbert space
(H1, (+,+)1) into the separable Hilbert space (Ha, (-, -)2)). Suppose that ran(J)
1s dense in Hs. Then there exists a compact operator Jo from Hy into Ho
such that D(Jy) = Hy, the range of Jo is dense in Hy and

ker(Jy) = ker(J).
Proof: J* is a closed operator from the separable Hilbert space Hy to the
Hilbert space H;. Hence the Hilbert space (D(J*), (-, -)~) is separable where
(u,v) g = (u,v)2 + (J*u, J*);.
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Since (D(J*),(+,-)s+) is separable, we can choose a sequence (f,)nen such
that the set {f, : n € N} is dense in (D(J*),(+,-)s+). Selecting a linearly
independent subsequence (g, )nen of (fr)nen and applying Gram-Schmidt or-
thogonalization we get an orthonormal system (e, )nen in Hy with

span{e, : n € N} = span{g, : n € N}

and span{e, : n € N} is dense in (D(J*), (+,-)s+).

D(J*) is dense in Ha, since J is closed. Thus span{e, : n € N} is also dense
in Hs and hence an orthonormal basis of Hy. With this basis we are able to
define the compact operator Js.

Set )
No=2F —  ~ _ VkeN.
‘ I+ || J*er |1

Define an operator Jy by D(Jy) = D(J) and

Jof =Y Milex, Jf)zer ¥ f € D(Jo).
k=1

Jo is a bounded operator from H; to Hs and densely defined. Hence its
closure J5 is a bounded operator from H; to Hy and D(J3) = Ha.

Jo is a Hilbert-Schmidt operator. To show that take an orthonormal basis
(hj)jer of Hy such that h; € D(J) for every j € I. Then

> jer I Jahy I3
= Zje] || ZkeN /\k(ek,th)2€k ||%
= ZkeN )‘i Zje] |(J*6kvhj)1|2
= ken Al Trer |IF < oo

Next we show that ker(J) = ker(Jy). If Jf =0, then Jof = Jof =0 and we
get ker(J) C ker(Jy). On the other hand, J is densely defined and closed.
Hence ker(J) = ran(J*)*. Take an f € ker(J;). Then there is a sequence
(fu)nen in D(Jo) such that f = lim, . f, and Jof = lim, . Jof,. Let
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(ex)ken be the orthonormal basis in Hs introduced above. Then

0 = <J2f7 ek)Q
= hmoo(JOfnaek)Q

n—

= lim_ (Z A(€ms J fr)2(€m,s ek)2>

meN
= hm >\k(elw an)z

= A(J7er, -

Therefore f is orthogonal to J*e for every k € N. Since span{ey : k € N} is
dense in (D(J*), (-, -)+), its image span{J*e, : k € N} is dense in ran(J*).
Thus f € ran(J*)* = ker(J).

It remains to prove that ran(.J2) is dense in Hsy. Fix kp € N and € > 0. Since,
by hypothesis, ran(.J) is dense in Hs, we can choose f € D(J) satisfying

€k
Jf— 2 |<e.
I1f =

Thus || Jof — e, ||< €, because
| Jof —ex II3
= |2 ke Aklen, J f)zer — e, |
= ZkeN,k#ko /\%|(6k7*]f)2|2+/\i0|(6k07‘]f> - ﬁp
< D ket ktky | (€hs T F)2l? + [(ery, Jf)2 — ﬁIQ
= || ZkeN(ekv Jf)2€k - ,e\kTZ ||§

- |- 3<e.

Thus e, € ran(Jy). Since span{e; : k € N} = H,, we have shown that
ran(.Jz) is dense in Hs. O

2.8 Differences of powers of resolvents

In this section we shall use the generalized Dynkin’s formula in order to
derive the surprising result that

(Hy+1)F = (Ho+ 1) = (Hy+ 1) = (Hu + 1)) VkeN (90)
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for a large class of operators H and form perturbations P of H. Let us recall
that
(Hy+1)7"' — (He +1)'®0, b— o0

for a suitably chosen nonnegative self-adjoint operator H,, in a suitably
chosen closed subspace H,, of H and that we abuse notation and write
(Hy + 1)~V instead of '(Hy + 1)7' @ 0. Here we abuse notation again
and simply write "(H, + 1)7* instead of "(Ho + 1)"* 0.

Before we derive formula (90) let us briefly mention some reasons why one
might be interested in this result. Let A and Ay be nonnegative self-adjoint
operators. A and Ay may be differential operators and passing to higher
powers of the resolvents improves regularity. There are also many examples
where the resolvent difference (A + 1)7! — (4g + 1)~! does not belong to the
trace class but (A+1)7% — (Ag+1)7* is a trace class operator for sufficiently
large k. This implies, by the Birman-Kuroda Theorem, that the absolutely
continuous spectral part A% of A is unitarily equivalent to A and, in par-
ticular, A and A, have the same absolutely continuous spectrum. Estimates
of the trace norm of (A + 1)7% — (Ag + 1)* can also be used in order to
compare the eigenvalue distributions of A and A,.

Lemma 29 Suppose that D(J) D D(H) and
JGu =0 VYu € ker(J). (91)

Then the following holds:
a) Dy(G — Dy) =0 for all b > 0.
b) Doo(G — Dy,) = 0.

Proof: a) Let P; be the orthogonal projection in (D(E), £;) onto the orthog-
onal complement of ker(J). Then 1 — Pj is the orthogonal projection onto
the biorthogonal complement and hence onto the closure of ker(.J). Since J
is a closed operator, its kernel is closed and hence 1 — P; is the orthogonal
projection onto the kernel of J.

By the generalized Dynkin’s formula (cf. Theorem 26),

D, = P;G.
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In conjunction with the resolvent formula (12) and the hypothesis (91), this
implies that

Dy(G — Day) = (JG)'(+

;T JJ) LG - P))G = 0.

b) Due to the fact that the operators D, converge strongly to D, b) follows

from a). O

In the proof of the main theorem of this section we shall use the follow-
ing telescope-sum formula which holds true for arbitrary everywhere defined
operators A and B on H.

BF = i AR (A — B) BY. (92)

If A and B are bounded self-adjoint operators and AB = 0, then
(BAu,v) = (u, ABv) =0 Yu,veH
and hence BA = 0, too.

Theorem 30 Suppose that D(J) D D(H) and ker(J) is G-invariant. Then

(Hy+ 1) = (Ho+ 1) " = (Hy+ 1) = (Huo +1)))" VkeN.

Proof: Let k € N. By formula (92) and having Lemma 29 in mind, we get
(Hy+1)7" = (Hoo +1)7*
>0 (Hoo + 1)1 ((Hoo +1) 7! (Hb +1)7") (Hy+1)7
= Y350(G = Do) (Do = Dy) ((G = Do) + (Doo — Dy))’
= >520(G = Doo)t 177 (Dog — Dy)7*!
— (Doo — D))" + Y51 (G = Doo)¥ 7 (Dog — Dy’
Now observing that, by Lemma 29, we have for all f € 'H
(32521 (G = Do) (Doo = Dy) £, f)
= <f7 (Doo_Db)j(G_Doo)kiij:O»

we get the result. O

38



Corollary 31 Under the hypothesis of Theorem 30 the following holds:

I (He+1)7" = (Hoo + )7" |
= | (Hy+ 1) — (Ho+ 1) |F VkeN. (93)

In particular, there exists a ¢ > 0 such that

liminf, o 0% || (Hy +1)7% — (He +1)7% ||
= limsup, . 0" || (Hy+ 1) — (He +1)7% |
— *>0 VkeN, (94)

and for every k € N we have the following equivalence:
Jim bF | (Hy +1)7F = (Hoo +1)7F || < 00
< J(D(H)) C D(H). (95)
Proof: By (15) in conjunction with (19), the operator D,, — D), is nonneg-
ative, bounded and self-adjoint. By the spectral calculus and Theorem 30,

this implies formula (93). The assertions (94) and (95) follow from (93) in
conjunction with Theorem 7, respectively. a

We conclude this section with an example which shows that the condition
(91) is not ’artificial” at all.

Example 32 Let D be the open unit disc in R? and T the unit circle. We
consider the form in LQ(T) = L*(T,df) defined by

2w 2m 0 —
FUFS) = 1o / £(6) — F(0'sin*(
D(F) = {fe€ L2 F(f, f) < oo} (96)
We define the form & in L2(D) as follows:

4 )doae,

e = 5 [ 19sPde
D(&) = {f e L*(D): f is harmonic ,E(f, f) < co}. (97)

J:(D(E),E) — (D(F),F), Jf=f1T VfeD(E),



where f | T is the operation of taking the boundary limit of f. It is known
(c¢f. [18], p.12) that (D(E),E) and (D(F),F) are Hilbert spaces and J is
unitary. Thus ker(J) = {0} and trivially the assumption (91) is satisfied.
Since ker(J) = {0}, also Hoo = {0} (¢f. (8) ) and hence (Hy,+1)"! =0 and
Do = G. Since J is unitary, JJ* =1 and, in particular, ran(JJ*) = D(F).
J is not unitary as an operator from (D(E),&1) onto (D(F),F), but the
norms induced by € and &1 are equivalent and hence we still have ran(JJ*) =
D(F), if we regard J as an operator from (D(E), &) onto (D(F),F). Thus,
by formula (95), there exists a constant ¢ € (0,00) such that

lim Vol (Hy+ 1) ||= ¢

for all k € N.

It is also known that £ and F in the previous example are Dirichlet forms
and the perturbation corresponding to .J is a so called jumping term and,
in particular, non-local, cf. [13], p.12. Moreover obviously the operator .J is
not compact. In the next section we shall concentrate on Dirichlet forms and
treat certain local perturbations, the so called killing terms.

3 Dirichlet forms

We can combine our general methods with tools from the theory of Dirichlet
forms in order to improve our results in the special but very important case
when H, = H + bu for some Dirichlet operator H and some killing measure
. It is also possible to treat other kinds of perturbations, for instance
perturbations by jumping terms, as it was demonstrated by Example 32.

3.1 Notation and basic results

Throughout this section X denotes a locally compact separable metric space,
m a positive Radon measure on X such that supp(m) = X and £ a (sym-
metric) Dirichlet form in L?(X,m), i.e. a densely defined closed form in
L*(X,m) satisfying

feDE) VfeDE), (98)
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(this condition is void in the real case) and possessing the following contrac-
tion property.

fee D(E) and E(f, f) <E(f, f) (99)

for all real-valued f € D(E) where f¢:=min(1, f7) and f* := max(0, f). In
addition, we require that the Dirichlet form is regular, i.e. the following two
conditions are satisfied:

a) The set of all f in the space Cy(X) of continuous functions with compact
support such that f is a representative of an element of D(E) is dense in
(Co(X), || - |leo)- We shall denote this set by Co(X) N D(E).

b) The set of all f in D(E) with a continuous representative with compact
support is dense in (D(E),&;). We shall denote this set by Co(X) N D(E),
too.

The capacity (w.r.t. £) of an open subset U of X and an arbitrary subset B
of X is defined as follows:

cap(U) = inf{&(u,u): u > 1m-a.e. on U},
cap(B) := inf{cap(U): U D B, U is open}, (100)

respectively. The classical Dirichlet form D, defined by (33), is a regular
Dirichlet form in L?(R?) and the definition of capacity in section 2.4 is equiv-
alent to the definition of capacity for D in (100). As in the classical case a
function u : X — C is called quasi continuous (w.r.t. &) if and only if
for every € > 0 there exists an open set U. such that u [ X \ U, is contin-
uous and cap(U.) < e. Moreover as in the classical case every u € D(E)
has a quasi continuous representative, two quasi continuous representatives
are equal q.e., i.e. everywhere up to a set with capacity zero, and every
&1-convergent sequence has a subsequence converging q.e. For u € D(E) we
denote by u also any quasi continuous representative of u. We shall denote
by H the nonnegative self-adjoint operator associated to &.

Remark 33 There exists a Markov process M such that pi(-, B) is a quasi
continuous representative of e ' 1p for every Borel set B € B(X) with
m(B) < oo and every t > 0. Here p(x, B) is the transition function of
M and M is even an m-symmetric Hunt process with state space X U {A},
where A is added as an isolated point if X is compact and X U{A} is the one-

1
point compactification of X otherwise. If € = ED’ then the corresponding

Markov process M is the standard Brownian motion.
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In the following let i be a positive Radon measure on X charging no set with
capacity zero. As in the classical case we put

D(P,) = D(E)NL*(X,pu), (101)
Pu(u,v) = /ﬂvdu Vu,v € D(E) (102)

and get that the operator J* from (D(&), &) to L*(X, i), defined by
D(J*):=D(P,), J'u:=u pae YueD(J"), (103)

is closed and hence £ + 0P, is closed for every b > 0. For every b > 0 we put
EM := &€ +bP, and denote by H + bu the nonnegative self-adjoint operator
associated with £%. Moreover

(H+oopu+1)"1:= blim (H+bu+1)"1

Dl''=(H+1) "= (H+bu+1)"" Vbel0,o]
Theorem 34 & is a reqular Dirichlet form in L*(X,m).

(H +1)7! has a Markovian kernel G, i.e. there exists a mapping
G: X xB(X)—10,1]

such that G(-, B) is measurable for every B in the Borel-algebra B(X) of X,
G(z,X) <1 and G(z,-) is a measure for every x € X and

ma/f G(z, dy)

is a quasi continuous representative of (H + 1)~1f for every f € L*(X,m).
For every nonnegative Borel measurable function f on X the function

Gf: X — 0,00, = [ f(y)G(z,dy) for all z € X, is well defined.
G is also m- symmetrlc ie f Gfhdm = f f Ghdm for all nonnegative Borel
measurable functions f and h. Gf > 0 q.e., if f > 0 m-a.e. £ H and G
will be called conservative if and only if G1 = 1 q.e. We shall abuse notation
and denote not only the Markovian kernel of (H +1)~! but also the operator
(H 4+ 1)"! by G. Moreover we put

G'=(H+p+1)"
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an denote by G* also the m-symmetric Markovian kernel of this operator.

The Dirichlet form & is strongly local if and only if the following implication
holds for all u,v € D(E):

supp(um) and supp(vm) compact
and v constant on a neighbourhood of u = &(u,v) =0. (104)

Example 35 D is a regular conservative strongly local Dirichlet form in
L2(RY).

3.2 Trace of a Dirichlet form

In the remaining part of this note we shall assume that p is a positive Radon
measure on X charging no set with capacity (w.r.t. £) zero and satisfying

D(H) C D(J"). (105)

Recently Chen, Fukushima and Ying have obtained deep results on the trace
of a Dirichlet form and the associated Markov process [10]. It turns out that
traces of Dirichlet forms are also very useful for the investigation of large
coupling convergence.

Before we give the definition of the trace of a Dirichlet form we need some
preparation. We put
F = supp(p)

and identify L?(X, u) and L?(F, ) in the canonical way, i.e. via the unitary
transformation v — u [ F. We put

PM::PJH,

i.e. P, is the orthogonal projection in the Hilbert space (D(E),&;) onto the
orthogonal complement (w.r.t. the scalar product &) of ker(J#). Trivially
the following implications hold:

J'u = J'w = u —w € ker(J!') = P,u = P,w.
Hence the following definition is unique.
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Definition 36 We define the form &I in L*(F, ) as follows:

D(EY) = ran(J"),
E( T u, JM) = & (P, Pw) Yu,v € D(E). (106)

E" is called the trace of the Dirichlet form & w.r.t. the measure yu.
Theorem 37 & is a reqular Dirichlet form in L*(F, ).

Remark 38 In the Definition 36 we have essentially used that the Dirichlet
form &, is coercive. One can define the trace E* of an arbitrary reqular
Dirichlet form £ w.r.t a measure p in such a way that for £ the Definition
37 above is equivalent to the general one. Even in the general case E* is a
reqular Dirichlet form in L*(F,u). We shall not use these extensions in this
note and omit the details, but refer the interested reader to [13], chapter 6.2.

The operator
" = (Jr gt (107)

plays an important role in the discussion of large coupling convergence. It is
remarkable that H* is the self-adjoint operator associated with the Dirichlet
form &}'.

Lemma 39 H* is the selfadjoint operator associated with c‘:’l“

Proof: v — P,u € ker(J") for every v € D(E). Thus
P e D(J*) and J*Pu = J'u Yue D(J*). (108)

Since the operator H* is self-adjoint, we need only to prove that it is a
restriction of the self-adjoint operator associated with &}'. For this it is
sufficient to show that

ELIM T foh) = (f,h) 12 Y f € D(J"J*™)Vh € D(E).
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By Theorem 37, it is spfﬁcient to prove this equali@y for all f € D(J+J*)
and all h € Co(F)ND(EY). Let now h € Co(F)ND(E}') and choose u € D(E)
such that h = J#u. Then, by (108), J*P,u = J#u = h. Let f € D(J*J**).

(C:’{‘(Jﬂjﬂ*f’ h) = gl(‘]u*fa P,uu) = (fa JMP,LLU)LQ(M) = (f7 h)LQ(u)-

Thus H* is the self-adjoint operator associated with £/, a

The following example illustrates the strength of the previous lemma for the
investigation of large coupling convergence.

Example 40 (Continuation of Example 16)
We choose () nez, (an)nez, d, T, =AY and pu as in the Example 16. Assume,
in addition, that

my = }zrel; a, > 0. (109)

Then the operators —A+bY ", and,, converge in the norm resolvent sense
to —AL with mazimal rate of convergence, i.e.

Jim b | (—A + bZanézn + 1)t = (AL + 1) < oo (110)

nez
Proof: Let DY be the trace of D w.r.t. the measure . Let f € L*(R, ).

Then
0o > / FPdi =3 anl flaa) 2 = mo 3 |f ()P

neL nez

Choose ¢ € Ci°(R) such that ¢(0) = 1 and ¢(z) = 0, if |x| > d/2. Then
f(xn)e(- — x,), n € Z, are pairwise orthogonal elements of H'(R) and

Z | flzn)p(- — x) H?il(R): Z |f ()] ]| |’§{1(R)< 0.

neZ neZ

Thus v = Y, ., f(zn)p(- — x,) € H(R). Since f = u p-a.c., we get
f € ran(J*) = D(D¥). Thus

D(DY) = I(R, p).
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By the previous lemma, —A# := (J#J**)~1 is the self-adjoint operator as-
sociated with the closed form DY in L*(R, z1). Since the domain of the form
associated to —A* equals the whole Hilbert space L*(R, u), the domain of
D(—AH) equals L*(R, p1), too. Thus, trivially,

JH(D(=A)) € D(=A").
By Theorem 7, this implies the assertion (110). O

We shall demonstrate how to use traces of Dirichlet forms for the investiga-
tion of large coupling convergence by further examples. First we need some
preparation.

Lemma 41 Let p be a positive Radon measure on R such that
supp(u) = [0,1]. Then

DY (f, )
= [J(FI + fR)dz + FO)R(0) + F(W)R(1) ¥ f,he D(DY). (111)

(We recall that f denotes both an element of D(DY) and the unique contin-
uous representative of f).

Proof: By polarization, it suffices to consider the case f = h. Choose
u € H'(R) such that f = J*u. By definition,

DY (f, ) = D1(Puu, Pou). (112)
P, is infinitely differentiable on R\ [0, 1] and
—(Pu)"+ P,u=0o0nR\ [0,1], (113)

since Dy (P,u,v) = 0 for every v € C§°(R) with support in R\ [0, 1]). Since,
by (108), J*P,u = J#u = f, this implies

Pu(x) = P,u(0)e® = f(0)e” V

Pu(r) = Pu(l)e'™ = f(1)e! ™ V¥ 1. (114)

Thus

1
Dy (Pyu, Pu) = /R\[OH(KPMU)’F%—|(PMu)|2)dx—|—/O (12 + | f2)da

= O+ [fQ) + / (U712 + 1)z (115)

O
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Corollary 42 Let p be a positive Radon measure on R such that

supp(p) = [0,1] and Loy = Lods. Then every eigenvalue of the self-
adjoint operator —A* in L*(R, 1) associated to the trace DY of Dy w.r.t. the
measure |4 18 strictly positive.

Let n > 0 and —A*f = (> + 1)f. Then there exist constants ¢ € C and
0 € [—m/2,7/2] such that (the continuous representative of) f satisfies

f(z) =csin(nz +0) Vazel01]. (116)

Proof: Every eigenvalue of —A* is strictly positive, since —A* is an invert-
ible nonnegative self-adjoint operator.

Let > 0 and —A*f = (n? +1)f. By (111),

~ 1 — —
(=A"fh) e r ) = /0 (/W + fh)dx

for all infinitely differentiable functions with compact support in (0, 1). This
implies that f is infinitely differentiable on (0,1) and —A*f = — f"(z)+ f(x)
for every z € (0,1). Thus —f”(z) = n*f(x) for all € (0,1) and hence there
exist constants ¢ and 0 such that f(z) = c¢sin(nz + 6) for all z € (0,1) and
therefore, by continuity, even for all x € [0, 1]. O

We can now apply Lemma 25 in order to derive results on the rate of trace
class convergence. We demonstrate how to do this via the following example.

Example 43 Let p1y := 1 ydv and jig := p11 + 6o + 1. Then

3
lim Vb || (=A +bpy + 1) = (=A + ooy +1)7 lsi= 3 (117)
and

1
lim Vo || (A +bps + 1)1 — (=A + copg + 1)1 ||g,= 5 (118)

Proof: Let p € {p1, p2}. Let k € N, ¢, € R\ {0}, nx > 0, 6 € [—7/2,7/2]
and suppose that g, with gp(x) = cpsin(ngz + 6x) for all x € [0,1] is a
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normalized eigenfunction of —A*. We have

S Gl + gih)dz + ge(1)h(1) + gx(0)h(0)
= ]Dll%gk? h) = (_Auglm h)LQ(u)
= (=91 + gk M) 2y Yh € D(DH).

Moreover

1
(=g + g ) 12y = / (ghh + geh)dz — gh(1)h(1) + gh(0)R(0),
0
and

(_g;c/ +gk7h)L2(,u2) = <_g;~c/ +gk7h)L2(u1)
+(=gr(1) + ge(1))A(1) + (=75 (0) + gx(0))h(0)

for all h € D(D*) and all h € D(ID#2), respectively. It follows that

9.(0) = gx(0) and g;.(1) = —gx(1), in the case u = puy,
and
91(0) = —g;,(0) and g;/(1) = g;(1), in the case p = p.

It follows now by elementary calculus that

lim 6, = 7/2 in the case u = pq,

k—so00

lim 6, = 0 in the case pu = o,

k— 00

klim (ne — km) =0 and lim ¢ = 2 in both cases

k— 00

and hence

lim g7(0) = lim g7(1) = 2 in the case p = 1,

k—o0 k—o0

klim g1 (0) = klim 92(0) = 0 in the case p = fig.

We insert these results in Lemma 25 and taking into account Corollary 42

we complete the proof by an elementary computation.

Finally we want to hint to an interesting fact. Again let ji; = 1jojdz. Choose
an orthonormal system (gi.)ren in L*(R, y1) and a sequence(ny ) ren of strictly
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positive real numbers such that —Arg, = (1 + n2) gy for every k € N. Then,
by (74),

—A+bu+1)7 = (A + + 1) |> _al(f)
I ( H1 ) ( OOH1 ) H_;l—i—ni—kb
for everywhere normalized f € L*(R) where
0 1
alf) = | [ a0 i@t [ g @i
—00 0

—{—/1 ge(1)e! ™ f(x)dz|?

If we choose f(z) := V2 1(_oo0)(z)e” for all z € R, then, by the considerations
in the previous example, limy__., ay(f) = 1 and hence

(119)

DN | —

lim Vb | (=A+ b +1) 7 = (<A oo + 1) |2

Thus the operators (—A + by + 1)~! do not converge faster than O(1/v/b)
w.r.t. the operator norm. On the other hand, the rate of convergence be-
comes O(1/b), if we add €9dy+£16; to the measure 1, where £; and e, are any
strictly positive real numbers, cf. Example 51 below. Thus arbitrarily small
changes of the measure can lead to strong changes of the rate of convergence.

Actually, if one combines (74), (75) and the results from the previous exam-
ple, then one gets via an elementary computation that

1
lim Vo || (A 4 by + 1) — (=A + ooy + 1)1 ||= 5 (120)

3.3 A domination principle

For positive Radon measures p on X charging no set with capacity zero let

HY = ker(J*)
be the closure of ker(J*) in the Hilbert space H. We have

(H+oop+1)"' = (H +ocov+1)7", if H =HY,.
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This can be true even if the measures i and v are quite different; in particular,
it is not necessary that the measures 1 and v are equivalent.

Intuitively one expects in the case (H+oop+1)"' = (H+oor+1)~! that the
operators (H +bu+1)~! converge at least as fast as (H +bv+1)71, if y > v.
We shall prove that this is true. In this way we can use known results for one
measure v in order to derive results for another measure p. For instance, if
(H +bv+1)"! converge with maximal rate, i.e. as fast as O(1/b), and p > v
and (H + oop+1)7! = (H + ocov +1)71, then (H + by + 1)~! converge with
maximal rate, too.

Lemma 44 Let p and v be positive Radon measures on X charging no set
with capacity (w.r.t £) zero. Assume, in addition, that p > v. Then the
operator G* — G*" is positivity preserving, i.e. (G* — G*)f > 0 m-a.e, if
f>0m-a.e.

Proof: Let f,g € L*(X,m), f > 0 m-a.e. and g > 0 m-a.e. Then G*f >0
m-a.e. and G¥g > 0 m-a.e., since G* and G are positivity preserving. By
[13], Lemma 2.1.5, this implies that all quasi continuous (w.r.t. £) represen-
tatives of G* f and of G¥¢ are nonnegative q.e. and therefore also

(n—v)-ae.

We have, with the convention that u denotes both an element of D(£) and
any quasi continuous representative of u, that

(f.G¥g) = EL(G"f.C")
(G, G + / G f G gd(yi — v)

— (G"f.g)+ / G f G gdp.
Thus
/ (G¥f — G f)gdm = / G G¥gd(u— v).

Since the right hand side is nonnegative for every g € L?(X,m) satisfying
g > 0 m-a.e., it follows that G*f — G*f > 0 m-a.e. O

G = G° where 0 denotes the measure which is identically equal to zero and
b'u < bu, if b <b. Hence it follows from the previous lemma that

G(-,B) > G**(-,B) > G*(.,B) VB e B(X) qe.,if0 <t <b. (121
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Thus (H + ocop + 1)~! has also an m-symmetric Markovian kernel G** and
G*(-,B) > G**(-,B) VB € B(X) qe. (122)

For every b € [0, 00| it follows that D} has an m-symmetric Markovian kernel,
also denoted by Dy, and that

Dy (-,B) < Dy(-,B) <DL (-,B) VBeB(X)qe. if0<bd <b (123)
Corollary 45 Under the hypothesis of Lemma 44 and the additional as-

sumption that
Dt = D7,

the following holds:
0<DLEf—-D)'f <DL f—Dyf m-a.e. (124)
for all b > 0, provided f > 0 m-a.e. Moreover
| D& — Dy [I<|| D, = Dy || Vb >0. (125)
Proof: (124) follows immediately from Lemma 44 and (125) follows from

(124), since both the operators D% — Dj' and the operators D% — D} have
m-symmetric Markovian kernels. a

3.4 Convergence with maximal rate and equilibrium
measures

First let us recall some known facts from the potential theory of Dirichlet
forms (cf. [13]). A positive Radon measure is a measure with finite energy
integral (w.r.t. £) if and only if there exists a constant ¢ < oo such that

/|u|du < cvE(u,u) Yue Co(X)ND(E). (126)

If 1 is a measure with finite energy integral, then p does not charge any set
with capacity zero and there exists a unique element U;p (the (1)-potential
of u) of D(E) such that

E(Uip,v) = /vdu Vv e D(E). (127)
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Uipp > 0 m-a.e. Now let p be any positive Radon measure on X charging
no set with capacity zero. Then for every h € L*(X, ) with h > 0 p-a.e.
the following holds: hpu is a measure with finite energy integral if and only
if h € D(J"*). In this case J**h equals the (1—)potential U;(hp) of hu and
hence

J*¥h = Uy (hp) > 0 m-a.e. Yh € D(J"*) with h > 0 p-a.e. (128)

Let I' be a closed subset of X such that the (1—)capacity cap(I') of I is finite.
There exists a unique er € D(E) satisfying

er =1 qe. on I and & (er,v) > 0Vv € D(E) with v > 0 q.e. on I'. (129)

Moreover there exists a unique positive Radon measure ur on X such that
pr has finite energy integral,

pr() = pr(X) = cap(I') and er = Uy pur. (130)
Thus 1 € D(J#r*) and

JHTJF*l =1 q.e. on I (131)
The (1—)-equilibrium potential er of T" satisfies, in addition,
0<er<1 m-ae. (132)
We recall that H = (J*J#*)~! and put
K == J'J" and K, == (H +a)™' Va>0. (133)

(131) can be used in order to prove that J*r J#T* is a bounded operator with
norm one. We prepare the proof by the following lemma.

Lemma 46 Let G be a symmetric Markovian kernel and put

1f(a) = [ £0)GG.dy)
whenever the expression on the right hand side is defined. Then
ITFIS T )2 f I VF € L2(X,m) N L¥(X, m)
and hence T extends to a bounded operator on L*(X,m) with

1T < (171 )10) 7. (134)
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Proof: Let f € L*(X,m)N L*>(X,m). By Holder’s inequality,

TH? < T1 /X PG, dy) < [T /X PG dy),  (135)

which yields, by the Markov property and symmetry of GG, that
ITAI* < 1Tl £11% O

Corollary 47 Let I" be a closed subset of X such that
0 < cap(l') < 0.
Then
| JHTJHr = 1. (136)

Proof: By the first resolvent equality and since the operators K, are posi-
tivity preserving, the sequence (K, f)s2, is pointwise nondecreasing yir-a.e.
for every f € L*(X, ur) with f > 0 ur-a.e.

By (133) and (131), 1 € D(K) and K1 =1 pp-a.e. and hence || K ||> 1. By
the spectral calculus

| Kijnf — Kf ||22(x0)— 0, asn —s 00, V f € D(K). (137)

Since the sequence (R’l /m1)ee, is nondecreasing pr-a.e., it follows that it
converges to 1 pr-a.e. and, in particular, K;/,1 < 1 pp-a.e. for all n € N,
n > 1. By Lemma 46, this implies that

| Kim | <1, n=1,2,3,...
By (137), it follows that || K || < 1. O

It is remarkable that the important and large class of equilibrium measures
leads to large coupling convergence with maximal rate of convergence.

Theorem 48 Let I' be a closed subset of X with finite capacity and ur the
equilibrium measure of I'. Let F be the support of ur. Assume that (H+1)7!
15 conservative. Then

1
I[(H + Bur + 1) — (H + oopp + 1) 71| < 53 Vb > 0. (138)
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Proof: By (123), Dt — D" possesses an m-symmetric Markovian kernel
and, by Lemma 46, it suffices to prove that

1
|(H + bur + 1)1 — (H + oopr + 1) M ||le < 55 Vb>0. (139)

Let b > 0 and (f) C Co(X) such that f T 1 everywhere on X. Using the
representation of GG in terms of its Markovian kernel, we obtain, by applying
the monotone convergence theorem, that

JCGf, — 1in L*(X, pr). (140)
1 8
Thus observing that, by (131), (E +H ) 1= 1L+b we get
R b
Dy fi = (L G)' (5 + H™) 1" G fy — e (141)

By monotone convergence, another time, we get that D" f, T D)"1 a.e.
Thus, by the latter identity and since

b b
(Gl = ——U
T O = gt
we achieve D)1 = 1L+bU1,uF for every 0 < b < co. Since the operators Dj'"

converge to DK strongly, this implies that D1 = Uypur. Thus

HULLLF”oo
1+0b

Finally the result follows from (130) and (132). O

|(H + bur + 1)1 — (H + oopr + 1) M1 ||e < Vb>0. (142)

By the previous theorem, L(H, P,.) < 1, provided the regular Dirichlet form
£ is conservative. For conservative strongly local regular Dirichlet forms, we
can even give the exact value of L(H, P,.).

Theorem 49 Suppose that the regular Dirichlet form & associated to the
nonnegative selfadjoint operator H in L*(X, m) has the strong local property.
Let T' be a closed subset of X with finite capacity. If the interior I'° of T" is
not empty, then

L(H, Py) > 1. (143)
If, in addition, the operator (H + 1)~1 is conservative, then

L(H,P,)=1. (144)
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Proof: (144) follows from (143) and Theorem 48. Thus we need only to
prove (143).

Since Upur = 1 q.e. on I' and by the strong locality of &,

/udm = (Uypr,u) = E (U pr,u) = /ud,up

for all u € Cy(I'°) N D(E). Since Cy(I'*) N D(E) is dense in Cp(I'°) w.r.t. the

supremums norm, it follows that

pr = m on the Borel-Algebra B(I'°) of B. (145)

Choose u € Cy(I'°) N D(E) such that || u [|= 1. For all f € D(J"r)

gl (f? GU) = (f7 u) = (JHFf7 u>L2(MF) = 51(f7 J#F*u>

(in the second step we have used (145)). Thus Gu = J' ™ u and hence
HJ*Gu = u. Thus

I HIH (2] |2 guy=] u =1

(again we have used (145) in the second step). By Theorem 7 (c), this implies
(143). O

As a consequence of Theorem 48 in conjunction with Corollary 45 we get the
next result.

Corollary 50 Let £ be a conservative Dirichlet form. Let T' be a closed
subset of X with finite capacity, 0 < ¢ < oo and let p be a positive Radon
measure on X charging no set with capacity zero and such that pu > c ur.
Assume, in addition, that

Dt = D,
(This is, in particular, true if p is absolutely continuous w.r.t. the equilibrium

measure pr.) Then

| DX — D! |I< Vb > 0.

1+c¢b
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If £ equals the classical Dirichlet form D in L*(R), then the equilibrium
measure of the interval [0, 1] equals 11 = dz + dy + ;. Hence the result
in the next example follows from the previous corollary. If one compares
this result with (119) , then one sees that the rate of convergence for the
operators (—A + by + 1)~! is strongly changed via arbitrarily small changes
of the measure pu.

Example 51 Let ¢; > 0 fori = 0,1. Let p = 1y dx + €9do + €10,. Let
¢ :=min(eg,e1). Then

1
— -1_ — -1 < .
| (A +ba+ )7 = [ (~A+oop+1)7H|< 1 VB> 0
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