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Introduction

Main question

For a functions space X find smallest function space Y

s.t. for all u € C(R") (for all u € EF(R"))

ully@®ry < clle(u)llx®n)

o e(u)=%(Vu+Vu') foru:R” - R";
@ First question: X and Y are r.i. spaces (Lebesgue, Lorentz
and Orlicz spaces);

@ Second question: X is r.i. space and Y is a space of
continuous functions (with given modulus of continuity).



Introduction

LP-spaces are not rich enough

o If X = LP for 1 < p < n we have Korn's inequality, so Y is
the space from the known Sobolev embedding;

@ If X = L" there is no optimal (smallest possible) Lebesgue
space Y s.t.

lully < c[[Vulle.

Can be answered in the class of Orlicz spaces with
Y = exp(L”/).
@ lteration of optimal embeddings fails: let n = 2
W2t — W2 < nlP, W2 1>

W2t WA < [,



Introduction

Motivation 1: non-Newtonian fluids

Eyring suggested in 1936 the constitutive law

arsinh(Ale(v)]) _ log(1 + [e(v)])

SEW) =" T jw v

@ The natural function space (for e(u)) is the Orlicz space
generated by A(t) = tIn(1 + t); Korn's inequality fails
(Breit-Diening, JMFM, '12).

o Existence of weak solutions in 2D is proved by

Breit-Diening-Fuchs (JDE, '12). For div(u ® u) one needs
compactness onto L2.



Introduction

Motivation 1: non-Newtonian fluids

Theorem (Cianchi, JFA, 2015, Breit-Cianchi-Diening, SIMA, 2017)
The inequality

IVul[ s < Kle(u)]] 4

for all u € C°(R") with two Young functions A and B holds iff A
and B satisfy ....

e Integrabilities are optimal (in the sense of Orlicz spaces);
e A = B if A satisfies Ay and V3 (e.g. A(t) = tP);

e A(s) =slIn(l+5s), B(s) =s;

0 A(s) = 00X(1,00): B(s) = s(e* —1).



Introduction

Motivation 2: Orlicz-Sobolev embeddings

Optimal embedding for Young function A (Cianchi, 1996, [UMJ)

=
=
>
S
N

S
< c|Vullin,  Ad(s) = /0 (@ (M)

B(s) = /0 TAW) A = suplst — A(s)].

140
t1+n s>0

@ Recovers standard cases such as WP < [P1/(n=P) 3pd
wbn <, exp(L”/);

@ Can we produce the same embedding if Vu is replaced by
g(u)?



Main results

Rearrangement invariant function spaces

Let || - [[x(o,|q) be a rearrangement-invariant function norm

[ullx(@) = llu™{lx(o, )

@ Decreasing rearrangement of a measurable function u:
u(s)=inf{t >0: [{x € Q:|u(x)| >t} <s} forse]|0,00);

e X(Q) includes all functions s.t. [Jul|x(q) < oo;
o We have [|uf|p() = [[u™||r(0,q) for all 1 < p < oo;
e W'X: uand Vuin X; ELX: u and g(u) in X.



Main results

Optimal embeddings in r.i. spaces (1)

Theorem (Breit-Cianchi): Let X and Y be r.i. spaces

EIX(R™) — Y(R") <  WIX(R") < Y(R").

Standard and symmetric Sobolev embeddings are equivalent!
Holds iff for any non-increasing function f : (0,|2|) — [0, c0)
< a3|lflx(0,00):

’/ f(r)er%dr
s Y(0,19)

Version for (g, d)-domains with £L"(Q) < oo;
Version for W§ and E} for domains with £7(Q) < oo;
Special case: Orlicz-Sobolev embedding as in Cianchi '96, e.g.

E'L"(logl)"! < expexp L.
I




Main results

Optimal embeddings in r.i. spaces (2)

Main idea: interpolate endpoint embeddings
@ Spector-Van Schaftingen (2019)

E'YMR) — L"HR™);
@ By Korn's inequality
Ean,l(Rn) N Wan,l(Rn) N LOO(Rn),

@ The key: representation formula for the K-functional

K(u,t, EfLY(R"), EJL°(R™)) ~ /ts(u)*(s).
0



Main results

Optimal embeddings in C? (1)

For an r.i. space X with lim,_oox(r) =0

E'X(Q) — C™X(Q) (e,6)-domain,
EIX(Q) < C%X(Q) bounded domain,

_ 1 _
ox(s) = Ir~ 7 xsmllx + s Ir X r)llx. -

e C7() space of all functions with

”uHC"(Q) = Hu”CO(Q) + sup M < o0

xyeq o(lx —yl)
o Examples: o/ ~ rlog(1/r) and o1y ~ r(log(1/r))t*1/5.



Main results

Optimal embeddings in C7 (2)

Ideas of the proof:

@ Sufficiency: use singular integral representation

u(x) = —— [ Ae(u)(y) 2= oy

nwp Jre |x

@ Necessity: consider the function u : Q — R” given by

1 4 _
u(x) = {Qxfwn|x" f(r)rtdr ifxeB

0 if xeQ\B
sy G000 —u(0.....0)
ue ELX(Q) (\X1|)H (W)l x@)
> x| ”ri X(wn|x1]",1) (r)”X’ 0,00) o ox(|x1])
- a(xl) - o)



The K-functional

Classical Sobolev spaces

DeVoire-Scherer (Ann. Math., '79)

Kot WHE),W=@) ~ [+ [ (T0)(s).

o Inequality " >"trivial due to

K(u, t, LR, L(R™) ~ /0 u(s):

@ Approach via maximal function and Lipschitz truncation by
Calderén-Milman '83.



The K-functional

Symmetric Lipschitz truncation

Given u € E1LY(R™) and ,\ > 0

Ogr={x €R": M(u) > 0} U{x € R": M(e(u)) > A}.

Whitney covering of Og » and local projections onto rigid motions.
Truncate u to ug ) (following Breit-Diening-Fuchs, JDE, '12) s.t.

@ u = ug ) outside Oy y;
® |upx| S0 and |e(ugn)| S A
o u € E}LY(RQ) implies ug \ € E}L*(Q).



The K-functional

Let u € ELLLY(R"), fix t > 0, set = M(u)*(t), A = M(e(u))*(t).

Set u; = ug ) and ug = u — uy, thus

K(u,t, EFLY(R"), ETL°(R™)) < [luollprpaqrey + tllualrpoe mey-

Juallgrpee = flufleee + fle(ua)lfre S0+ A

= M(w)(£) + M(e(w))" (1)
st [wes [ewe).

luollgrer < [luxo, s [l + lle(u)xo, sl
+ luixopa [ler + lle(ui)xop [l



The K-functional

Using |Op x| < ct we have

t
luxogaller < U™ x(o,ct)ll1(0,00) S U X(0,6)l111(0,00) = /0 u*(s)

t
kaMMSAdW@,
HUIXOQ,,\HU + Hs(ul)xoo,,\HLl 5 to+ tA

= t(M(u)*(t) + M(e(u))*(t)),

<([we+ [ o)



The K-functional

Proof (3)

o Foru € EYLY(R™) + ETL>°(R™) use Lipschitz truncation;
@ For the K-functional on bounded domains Q use extension
operator with the property e(équ) = Ze(u) + £2u;
o Foru e E}LY(R") + EFL™Y(R™)= E}L(R™) we have
t"/ 00
K(EL'(R"), EgL™H(R™)) %/ e(u)*(s) + t/ e(u)*(s)s ™7,
0 e’
1

K(t,u; L"Y(R"), L®(R")) ~ /Ot s nu*(s);

@ The Sobolev embedding follows then from

/snu /5/

\\»—~



The K-functional

Extension operator (1)

Assume that Q is an (g, )-domain in R".

(R"):

There is extension operator &g : LL (Q) — Li

loc loc

b EMYQ) — EMLY(R™), & : ELL(Q) — ELL®(RM).

o We have e(équ) = Le(u) + L2u;
o Using the K-functional: &g : E1X(Q) — ELX(R");

e Construction by Whitney covering and reflection (following
Jones, Acta. Math. '81);

@ Improves extension operator by Gmeineder-Raita (JFA, '19).



The K-functional

Extension operator (2)

Assume that Q is an (e, 0)-domain in R"
in Q

u
éaQu - Z@jﬁj in Rn \ﬁ
JEM

o U;(x) = Rju(f(x — x;) +x;) for j € M, where for u € E*LP(Q)
u(x) = Ra(u)(x) + Za(e(u))(x) fora.e x e
o {Q;} is covering of R"\Q and {Q} covering of ;

o {Qj}jem cubes close to 02 ~ associated cubes from {Q}
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